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Algebraic equation
Definition:

An algebraic equation Is an equation constructed using the
operations of +,— X, and possibly root taking (radicals).
Rational functions and polynomials are examples of algebraic
functions.
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Transcendental Equations

Transcendental equations in comparison are not algebraic.

That Is, they contain non-algebraic functions and possibly their
Inverses functions.

Equations which contain either trigonometric functions, inverse
trigonometric functions, exponential functions, and logarithmic
functions are examples of non-algebraic functions which are
called transcendental functions.



Fundamental Theorem

If f(X) Is real and continuous iIn the interval fromx =atox =D
and f(a) and f(b) have opposite signs, i.e., f(a)f(b)<0, then there
Is atleast one real root between a and b.
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~ Bisection Mm\/

( Bolzano’s method)

Interval having method

Suppose we have an equation f(x) = 0. Let f(x) be continuous and it can be
algebraic or transcendental.

Let the function f(x) changes sign over an interval x =ato x = b (i.e. f(a)
and f(b) are of opposite signs or f(a)f(b) < 0).

Then there is a root f(x) = 0 lying between a and b.



Problems

Find the positive root of f(x) = x — cosx by bisection method correct to three
decimal places.

Solution:

Let f(x) = X — cosx
f(0)=0-cos0=-1=-ve
f(1) =1-cos1=0.45970 = +ve

Hence the root lies between 0 and 1.
041
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f(0.5)=0.5-c0s0.5=-0. 37758 = -ve
So the root lies between 0.5 and 1

Xo 0.5



. 0.52+1 0.5

f(0.75) = 0.75 — cos(0.75) = 0.018311 = +ve

So the root lies between 0.5 and 0.75
T

f(0.625) = 0.625- c0s(0.625) = - 0.18596 = - ve
So the root lies between 0.75 and 0.625

. 0.75 +20.625 _ 06875

f(0.6875) = 0.6875 — c0s(0.6875) = -0.085335 = -ve
So the root lies between 0.6875 and 0.75



f(0.718
So the |

f(0.73
So the

f(0.7

P o W 4 =
TVU.[O

=0.71875

75) =0.71875 — c0s(0.71875) = -0.033789 = -ve
root lies between 0.71875 and 0.75

. 0.7187§+0.75 o

138) = 0.73478 — c0s(0.73438) = -0.00786 = -ve
root lies between 0.73438 and 0.75

. 0.7343523+o.75 o

4219) = 0.74219- cos(0.74219) = 0.00512 = +ve




So thexoethies between0.73438-and 0.74219
X, = 0.7343820.74219 _0.73829

(0.73829) = 0.73829 — c0s(0.73829) = -0.00133 = -ve
So the|root lies between 0.73829 and 0.74219

0.73829+0.74219
Xg =
2
f(0.7402) = 0.7402 — cos(0.7402) = 0.00186 = +ve

So the root lies between 0.7402 and 0.73829
= 0.7402+0.73829

Xg 5

=0.7402

=0.73925




(0.73925) = 0.73925 — c0s(0.73925) = 0.000275 = +ve
So the root lies between 0.73829 and 0.73925

~0.73829+0.73925

. - ~0.7388

f (X,) approaches the value zero

Xx=0.738



~ Newton - Raphson method

Newton’s method or method of tangents

This method is also based on a linear approximation of the function but

using a tangent to the curve.

This method may be developed from the taylor’s series expansion.
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Newton — Raphson Method (or) Newton’s Method (or) Method of Tangents
This method starts with an initial approximation to the root of the equation. A better
and closer approximation to the root can be found by using an iterative process.

Newton — Raphson formula:

Xin =% ‘: f(Xi):'l 1=012,---
fl(xi)



Using Newton — Raphson method, find the root of x* — 6x + 4 = 0 and correct its 4

decimal points.
Solution

Newton — Raphson formula 1s

. f(xi) i
X, = X; [f'(xi):'j 1=012,..

Let f(x)=x>—6x+4; f'(x)=3x>—6
. £(0)= 4 (positive)

f(1) = -1 (negative)

The root lies between 0 and 1.

Let the initial approximation be xo = 0.5.
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Iteration: 1.1=0

X, =X, —[ f(xo)]_ 0.5—[(0'5)3 _G(D'S)M} =0.7143.

£'(x,) 3(0.5) =6

Iteration: 2.1=1

. 2P _ . ‘
Kg—Xl—[t,(Xl)}—U-ﬂ@— (0.7143) 6(0{.17143]+4 07310,
f'(x,) 3(0.7143) -6

Iteration: 3.1=2

. 3
= x, = tr(xg) 07319 (0.7319) —6(0}‘7319)+4 07320
f'(x,) 3(0.7319) —6

Iteration: 4, 1=3

@ -x, _[ t(yg)} _ 0_7320[(0.7320) —~6(0.7320)+ 4] 07350,

3
f'(x;) 3(0.7320) —6

The value of x 15 0.7320.



Evaluate V12 applying Newton formula.

Solution: Let x = V12
> =12=>x*-12=0

Let f(x)=x*-12= f'(x)=2x
f3)=9-12=-3(-ve)
fA)=16-12= 4(+ve)

. Root lies between 3 and 4.

and root is closer to 3 since |f(3)| < |f (4)|
Take xp =3



Newton's formula is

et == s
when n = 0.1, = x5 — ;(:j) —3_ ;’(2} —3_ {3);{—;)12 — 3.5
when n=1,x = x; - ;(;3) = 3.5 - % =35 @;2—;;2 = 3.46429
whenn=2,x; = x, - ;(E) = 3.46429 — }f ((3;46:42;;) = 3.46429 — (3;'?:31952;)12 = 3.46410
when n =3,x4 = x3 - ;(23) = 3.46410 — }f {(3;46:411“3) = 3.46410 — B;?;ﬁ:l;}u = 3.46410

Here x; = x4 = 3.46410
. The root is 3.46410



"REGULA - FALS| MEHOD

Method of False Position
Suppose we have an equation f(x) = 0. Let f(a) and f(b) are of opposite signs
and leta <b.
Then the curve y = f(x) meets the x — axis at some point between (a, f(a)) and
(b, (b)).
The equation of the straight line joining these points which intersects the x —
axis is
y=1(a8)  X-—a
f(b)—f(a) b-a

which can be solved for x






Find the root of xe* = 3 by Regula fals1 method correct to 3 decimal places
Solution: Letf(x) =x¢* -3

£(1)=-02817 <0
and  f(1.1)=03046 =0

The root lies between 1 and 1.1.

The approximations are given by

_aflp)-bfla)

x =
fle)-fla)
First approximation:
Takinga=1and b=1.1
(1)(0.3046)+(1.1)(0.2817)

03046 +0.2817

X =1.048

£(1.048) =-0.011165<0



Second approximation:
Takinga=1048 andb=1.1

_ (1048)(0.3046) + (1.1)(0.01165)

x =1.0408
: 03046+ 0.011165
£(1.0498) =-0.000638 <0
Third approximation:
Takinga=1.0498 andb=1.1
_ (1.0498 }(0.3046 )+ (1.1)(0.000638 ) 1 0400

: 0.305238

f(1-0499)=-0.000052 | which 1s very near zero.

~. The required root 1s 1.0409



Find areal rootof x° —9x+1=0 that lies between 2 and 3 by the method of false position, correct to 3
decimal places

Solution: 1. flx)=x —9x+1
fl2)=8-18+1=-9<0
fl25)=-5875 <0
and  f(3)=27-27+1>0

Hence the root lies between a=25and b= 3.

The approximations are given by
,_aflb)-bfla)
£(6)-fla)
First approximation:
Takmmga=25andb=3
_2.5(1)-3(-5.875)
© 1+5875

=29273

1

and £(2.9273) =- 0.2664<0



Second approximation:
Takinga =29273 andb=3

‘= 2.9273 (1)-3(-0.2664 ) _ 3 0423

1+ 0.2664
£(2.0423) =- 0.0088 <0

Third approximation:
Takinga =29423 andb=3
29423 (1)-3(-0.2664
) (1)-3(-02664) ,
1+ 0.0088
£(2.9425)=-0.0054 =0

X3

Fourth approximation:
Takinga= 29425 andb=3

L 2942 (1)-3(-0.0054 ) 5 ou3
e 1+0.0054 -

f(2.943) =0.003 =022
since £(2.943) = 0.003 to nearly zero, the required root 1s 2.94322




System of Linear Equations

Direct Methods

(). Gauss Elimination Method

(i1). Gauss Jordan Method

Iterative Methods

(1). Gauss Jacobi Method

(i1). Gauss Seidel Method
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Direct Methods

®* The computation can be completed in a finite number of
steps resulting in the exact solution.

« The amount of computation involved can be specified in
advance.

« The method is independent of the accuracy desired



Ilterative Methods

¢ Begin with an approximate solution and
e Obtain an improved solution with each step of iteration

¢ But would require an infinite number of steps to obtain an exact solution without
round-off errors

¢ The accuracy of the solution depends on the number of iterations performed.



Gauss Elimination Method

This method 15 the most effective direct solution technique. In this method, consider
the given system of equations to be AX =B.

In Gauss elimination method, we start with the augmented matrix A[B (A with B) of
the given system and transform it to UK (upper triangular matrix with k — rows) 1.2 a matnix
i which all elements below the leading diagonal elements are zero by eliminating row
operations. Finally, the solution 13 obtained by back substitution process.

Principles of Gauss Elimination method

[A, B] — upper triangular matrix (U]K). then find x, v. z by back substitution process.



Solve the system of equations by Gauss elimination method.
10x— 2y +3z=23:2x+ 10y -5z = —-33;:3x — 4y + 10z = 41.

Solution:  Write the given system of equations n augmented matrix form

10 - 3|23
12 10 -5|-33
3 —4 101 41

1 1
5

) o
5
17

I] -

1 3|23

> 1010 | p R +10
2 10 -—-5|-33) 1

3 —4 10l41
31 23

10 | 10

—?—$ R..R,— 2R,;:R._R.—3R,:
91 | 341

10! 10



1 =
5
0 1
0 17
5
L 1
5
0 1
0 0
1 —=
0

0

Use back substitution to find the scilutmn to the system

Here= =3

10

13
91

10

10

13
189

4?

13
341

10

23

10
4?

56?

26

1u 10
47 Ha_.Ha.

substitutez=3iny ——z = —

we gety =-2
substitute v = —2 and z = 3 in

1 ] 2z
x—-yt_z=_ wegetx=1

13

R, R,+—

52

Ry



Solve the system of equations

28+ 4y —z =32
x+3iy+10z=24

2x+ 17y +4z=35
using Gauss — elimination method.

Solution
The given system of equation 13 equivalent to AX = B where

28 4 -1 x 32
Ad={1 3 10| X=|v|and B=|24
2 17 4 z 35



28 4 -1 32\ R
~(4]1B)=|1 3 10 24|R,
2 17 4 35)R

1 3 10 24
28 4 -1 32|R &R,
2 17 4 35

1 3 10 24
_}. —_—
—|lo0 -80 -281 -e640]| ° 2~ 28R,

0 11 —16 —13 Ry > Ry - 2R

1 3 10 24
0 —-80 —281 -640 R;—’;R;+%RQ
0 0 -5464 -101



using back substation method,

-54.64z =-101
z=1.85

Also,

-80y — 281z = -640
y=15

Also,
x+3y+10z=24
x=1

Lx=1;y=15and z=185.



U

““Gauss Jordan Method

This method 15 a2 modification of Gauss — elimination method. Here, we consider the
given system of equations to be AX = B. In Gauss — Jordan method, we start with the
augmented matrix (A|B) of the given system of equations and transform 1t to diagonal matrix

of unit matrix by elementary row operations. Finally, the solution i1s obtained directly
without back substitution process.

re. (4| B)—=E (D K) or (I| K).



Solve the following equations by the Gauss — Jordan method.

Xt2y+z=82x+3v+4z=20; 4x+vy+iz=121.

Solution

The given equations i1s equivalent to AX = B where

1 21 X 8
A=12 3 4 X=|y|and B=|20
4 1 2 Z 12

1 1 B

~(4]1B)=|2 3 4 20



Ry = R, - 2R,
R, —» Ry —4R,

-1 2
-7 =2 =20

1 2 1 8
=(0
0

1 0 5 16
R, — R, +2R,
=lo -1 2 4

a o -16 -

1 0 5 16
0 -1 2 4|R 5
0 0 1 3

R, >R, -2R,

1 0 0 1 <
_}_
=n-1n—2R'R‘ 3
0 0 1 3

= (DIK).

SE=1;v=2andz=3.



Diagonal system

In the system of linear equations in » unknowns 4X = B. If the coefficient matrix |4 is diagonally

dominant then the system is said to be a diagonal system.

Thus the system of equations

aix + bl}’ + C1Z = dl
X +byy+crz=dy
a3x +bv+c3z=ds
is a diagonal system if laa| 2 1611 + e
b2 = |az| + |eal

lcs| = las| + |bs]



Note : For the Gauss Seidal method to converge quickly, the coefficient matrix 4 must be diagonally

dominant.

If the coefficient matrix 4 is not diagonally dominant we must rearrange the equations in such a

way that the resulting matrix becomes dominant, and then only we can apply Gauss Seidel method.



~—Jacobi

Step 1: Let the system of equations be

ap X +apy +apz= by

anX+any+anz=>b
31X + a3p + sz = by
with diagonally dominant.

Step 2: The above system should write into the form

1
x=—(by —apy— a2 (1)
agy
1
y=—(by— axx— axn2) (2)
anr
1
z=— (b3 —asx—azxny) (3)

ass



Step 3: Start with the initial values x® = 0,3©® = 0,2® = 0 for x,y.z and get x®,y® D
= (1),(2).(3) become

x(l) = i (b1 — auy(o) = 0132(0))
W= é (bz —anx? - 0232(0))
(b3 — azx® - ;)

i L
ass
Step 4: Using this Y for x, y for y, ZV for z in (1),(2),(3) respectively, we get
@=L (b1 — @y - 0132(1))

ap

¥ = L (b — aya® — a2 ®)

ar

1
2(2) 2N 1) 5}
= s (b3 0311( 6132}x )

Continuing in the same procedure until the convergence is confirmed.



The general iterative formula of Gauss-Jacobi is

IO+1) b1 — (a;zxg’) + algxgj) +
au

x§j+l) = — b2 = (anxg’) + a23x§’7 +
022 -

At = 3 (a312Y + azx +
aszt

D= [p, - (a,,lx(’) + a,,zxg’)

Qnn

)

e a2nxgn):

)

b i)



Solve the given system by Gauss —JTacobi method.
6x —3yv+2z=20:4x+11ly—z=33:6x+ 3y + 12z = 35.

Solution:
' 1 1 1
Iteration v = E{ED + 3y —22) y= ﬁ{gg —4x 4 z) z= 1—?{35 — Bx — 3y)
Initial y=0&z=10 x=0&z=10 x=0& y=0
I 1 1 1
x =2(20 + 3(0) - 2(0)) y =7 (33 —4(0) +(0)) 2= 7(35 - 6(0) —3(0))
x=2.5 y=3 z =2.917




I1

y=38&z= 2017

1
x = (20 + 3(3) — 2(2.917))
x = 2.896

x=25&z=2017

1
y =13 33 —4(25) + 2.917)
y = 2.336

x=25 & y=3

z= 11—?{35 — 6(2.5) — 3(3))
z=0.917

I11

y =2.356&z=z = 0.917

1
x =2 (20 +3(2.356) — 2(0.917))
x =3.154

x = 2896 &=z =0.0917

1
y =77 (33 —4(2.896) +0.917)
y = 2.030

x=2896& yv= 2356

1
z= 1—?{35 — 6(2.896) — 3(2.356)
z = 0,880

IV y = 2.030& z = 0.880 x = 3.154 & z = 0.880 x =3.154 & y = 2.030
1 1 1
x =2(20 +3(2.030) - 2(0.880)) | y =5(33 —4(3.154) + 0.880) | z =5 (35 — 6(3.154) — 3(2.030)
x = 3.041 vy =1.933 z =0.832
V v = 1.033& z = 0.832 x = 3.041& z = 0.832 x =3.041 & y=1.933

1
x =2 (20 +3(1.933) — 2(0.832))
x = 3.017

1
y =17(33 —4(3.041) + 0.832)
y =1.970

1
z= 1—?{35 — 6(3.041) — 3(1.933)
z=0.913




VI y = 1.970& z = 0.913 x =3.017 &z = 0.913 x =3.017 & y=0.913
1 1 1
x =2(20 + 3(1.970) — 2(0.913)) | y =5 (33 —4(3.017) + 0913) | z =-(35 —6(3.017) - 3(0.913)
x =3.010 y =1.986 z=0.016
VII y = 1.086& z = 0.916 x = 3.010&z = 0.016 x =3.010 & y= 1.986
1 1 1
x =5 (20 +3(1.986) — 2(0.916)) | y =5 (33 —4(3.010) + 0.916) |z =5(35 —6(3.010) - 3(1.986)
x =3.016 ¥ = 1.989 z =0.915
VIII y = 1.089& z = 0.915 x = 3.016& z = 0.915 x = 3.016& y = 1.086
1 1 1
x =5 (20 +3(1.989) — 2(0.915)) | y =7 (33 —4(3.016) + 0.915) |z =5(35 —6(3.016) — 3(1.989)
x =3.017 y =1.987 z =0.912
IX y = 1.987& z = 0.912 x =3.017& z = 0.912 x =3.017& y=1.986

1
x =2 (20 +3(1.987) - 2(0.912))
x =3.017

1
y= E{EE —4(3.017) + 0.912)
y = 1.987

1
z= 1—?{35 — 6(3.017) — 3(1.987)
z=0.012




arative Methods of Gauss
Seidel

Step 1: Let the system of equations be

ay X + apy +apz=by
anXxX+any+anz= b2
a;1x +any+ainz=bh

with diagonally dominant.

Step 2: The above system should write into the form

1
x=— (b —apy—a;32) (1)
an
1
y=—_(by— aynx— axz) (2)
an
1
z=— (b3 — as;1x — azy) (3)

asz



Step 3: Start with the initial values 1% = 0,209 = 0 for y.z and get x¥ from the first equation.

. (1) becomes xV) = A (bl —apy @ — a13z(°))
an

Step 4: Using this 2! in (2), we use z© for z and 1 for x instead of x¥, we get
. (2) becomes ! = A (b2 —ayx® - 0232(0))
an

Step 5: Substitute ™, for x.,y in the third equation.

. (3) becomes z(1) = Wi (b3 —az D - a”y(l))
ass

Step 6: To find the values of unknowns, use the latest available values on the right side. If x® 3 -0
are the " iterate values, then the next iteration will be

x(Hl) — ai (bl — alzy'(r) s al3z(r))
11

PH= é (bz — ayx"h - 0232('))

Arel) _ A (b3 — gy KD _ g, r+l))

ass



Step 7: This process of continued until the convergence is confirmed.

The general iterative formula of Gauss-Seidel is

l
0+l) ) — b, - (auxé” +013x§n g il nxr(l’))]
i+1 Ly .
x%’* ) = o b5 = (GZIx? Vi x§’) +a nx»(-”)]
1 . .
0+l) anl — s - (0311?“) + aszxg Pioiva nxg))]

- 1 : ; i1 i+1
YD = a_[bn W (amxﬁ’“) * a,,gx‘z" s a,,,,,_le;’fl ))]
nn

Note : Ifeither method converges, Gauss-Seidel converges faster than Jacobi.



Solve the system of equations by Gauss-Seidel method
27x+6y—z=856x+10y+2z=72;:x+y+ 54z =110.

Solution:

' 1 1 1
Iteration v = ?—?{85 — 6y +2) y= E{?E — bx — 22) z= ﬁ{llﬂ —x—v)
Irmtial y=0&z=10 x=3148 8 =z=10 x=3148 & y=3541

1
x =ﬁ{55 —6(0) +(0))

x = 3.148

y= 11_5{?2 —6(3.148) — 2(0))

y =3.541

1
= — (110 —3.148 — 3.541
z=c J

z =1.913

II

y =304l &=z=1913

x = ?1—?{35 —6(3.541) +(1.913))

x = 2,432

x=24328=2z=1.913

y = 11—5{?2 — 6(2.432) — 2(1.913))

y = 3.572

x=2432 & y=3.5712

1
= (110 — 2.432 — 3.572
4 54{ )

z =1.926




I11

vy =3.5728%=z=1.926

= ;‘_?{55 —6(3.572) + (1.926) )

x = 2.426

= 2426 & z = 1.926
1
=75 (72 - 6(2.426) — 2(1.926))

y = 3.573

= 2426 & y=3.573

1
—{11[] — 2.426 — 3.573)

z =1.926

x=2426& y=3.373

IV vy =3.572&z= 1926 :
1 1 1
= >-(85 - 6(3.573) +(1.926)) | y = — (72 — 6(2.426) — 2(1.926)) | z = = (110 — 2426 — 3.573)
x = 2.426 ¥ =3.273 z = 1.926

Lx o= 2426;y = 3.073;z = 1.926




Unit I
FINITE DIFFERENCES




Finite Differences Operators

For a function y=f(x), it is given that y, ...y

il

are the values of the variable y
corresponding to the equidistant arguments, x,, ..., X,, where
X=X+hx=x+2h x=x+3h..x =x,+nh. In this case, even though Lagrange and
divided ditference interpolation polynomials can be used for interpolation, some simpler
interpolation formulas can be derived. For this, we have to be familiar with some finite
difference operators and finite differences, which were introduced by Sir Isaac Newton.

Finite differences deal with the changes that take place in the value of a tunction f(x) due
to finite changes in x. Finite difference operators include, forward ditterence operator,

backward ditference operator, shift operator, central difference operator and mean

operator.



Forward difference operator ()

For the wvalues j,. §.....¥

i

of a tunction y=f(x), for the equidistant values x,. x.x,. .. x

i

wherex, = x, + h,x, =x, + 2h, x, =x, +3h...x, =x, +nh, the forward difference operator A is

defined on the function f(x) as,
A (x)=f(x+h)= f(x)= f(x,)-f(x)
That is,
AV, = Y=V,

Then, in particular

ﬁf[_}fﬂ)z f(-"h"'h}_ f[*"'ﬂ)z f(-’ﬁ}_f[‘ru)
= ﬂ‘_}'ru:_}'i__}'u

Af(x)=f(x+h)—F(x)=f(x)-f(x)
— ‘ﬁ_}'i:_}'rz__}ﬁ

etc.,

Ay, Ay, Ay, . are known as the first forward differences.




In particular,
A f(a"h]=_]’: —2y3+y or ﬁz_}'ﬂ:_}rz 2K+
In particular,

A’ f(ﬂru}:fa_gfz"'E}{l — Y Or ﬁ3fu:f1_3fz+3fl_fu

In general the n forward difference,

A"F(x)=A""F(x,+h)-A"" f(x,)




Forward Differences Tabular Form

Avp=WM—M
X ¥ = f(x) ﬁ3_];u:ﬂy]_ﬂ}ru
Ay =y —N ﬂls}’1:- =A° M- fﬂ‘-zf 0

X ¥y =1(x,) A’y =Ay, — Ay,

X ¥y = 1(x)




Example Construct the forward difference table for the following x wvalues and its

corresponding f values.

x 0.1 0.3 0.5 0.7 0.9 1.1 1.3

f 0.003 0067 0.148 0.248 0370 0.518 0.697

xf Af  Af A A A
0.1 0.003
0.064
0.3 0.067 0.017
0.081 0.002
0.5 0.148 0.019 0.001
0.100 0.003 0.000
0.7 0.248 0.022 0.001
0.122 0.004 0.000
0.9 0.370 0.026 0.001
0.148 0.005
1.1 0518 0.031
0.179
1.3 0.697




Example Construct the torward ditterence table tor the data

=2 0 2 4
y=f(x): 4 9 17 22
The torward ditference table is as tollows:
X y=1(x) Ay Ay Ay
-2 4
Ay, =5
0 9 Ay, =3
Ay = A’ Yo ="
2 17 Aty =
Ay, =5
4 22




Properties Of Forward Difference Operator

(1) Forward ditterence of a constant function is zero.
(11) For the functions f(x) and g(x); A( f(x)+ g(x))=Af(x)+ Ag(x)

(11)Proceeding as in (ii), for the constants @ and b,

A ( af (x) + bg(x) ) = aAf(x) + bAg(x).
(1v)Forward ditference of the product of two functions is given by,

A(F(0g(x))= F(x+h)Ag(x)+ g(OAF(X)




Note : Adding and subtracting g(x+ h) f(x)instead of f(x+ h)g(x) , it can also be
proved that

A(F(0g()) = glx+ HAF(X) + F(N)AZ(X)

(v) Forward ditference of the quotient of two functions is given by

g(x)

ﬂ( f(x) ] _ SW)AL(x) — F(x)Ag(x)

g(x+h)g(x)




Higher Differences-Forward Difference Table

It # is an integer,

f(a+nh) = f(a)+ "CAf(a)+ "CA  F(a) + --- + A" £(a)
for the polynomial f(x) in x.
Forward Difference Table

v f o Nf Nf N NF s

Xo fo
1 i A Ao 1
A3fg
Xa fg ﬂﬁ ﬁzfz ﬁ:lﬁl
a Mp
X3 fi AR A 1 A*fy i A®fo
&, i
xa fa A AMs Af>
A3f3
o A A
Afs
Xa fﬁ.




From the forward difference table we have

Afy=hHh—1, or h=Il+AL
Mi=f,—f or f=f+Af |
Mfy=f,—f, or f=1+Af

and so on. Similarly,
A*f,=Af —Af or Af, =Af, + A* £
A =Af —AF or Af, =AfL+A

and so on. Similarly, we can write

NL=ANF£-Afor A £=Af+AF
N E=A—-Af or A2 =A"f£+A°Ff




In general,

Ay =7 cr +cr Poor Lo+ (=D
0 n 1 n—1 2 n—2 3 n—3 (=1)

fﬂ = fg] + ﬂclﬂf[;+ﬂ63ﬂz fﬂ + ... +ﬂﬂ f[;

Thus

Result 1: The n™ forward difference of a polynomial of degree n is constant when the

values of the independent variable are at equal intervals.




Backward Difference Operator (v)

For the values y,, ;..... y, of a function y=f(x), for the equidistant values x,,x,.....x , where
X =x,+hx=x,+2h x=x,+3h . x =x,+nh, the backward difference operator V is defined
on the function f(x) as,

VI(x)=f(x)— f(x,—h)=y,-y.,,
which is the first backward difference.
In particular, we have the first backward differences,
Vi(x)=x3—y: Vf(x)=y -y ec
The second backward difference is given by
VF(x)=V(VF(x))=V] f(x)— f(x,—h)|=VF(x)-V(x,—h)
=[ f(x)- fx,—h)]-[ f(x,—h)- F(x,—2h)]

:{_}r! __}'rx—l}_(.]’rl—l __]’rx—z]
=¥ _2.}'}—1 + Vi

Similarly, the third backward difference, V*f(x,)=y -3y, +3y._, -y andsoon.




Backward Differences Tabular Form

Y Vy Viy Viy

X
X ¥, = f(x,)

Vi=n-"
X, v, = f(x) Viy, =Vy, -Vy

Vi, =¥ — W Vy=Vy-Vy
X, Yy = 1(x,) Vy,=Vy-Vy

Vim=¥—"
X; ¥; = f(x)




Problem: Construct the backward difference table for the data

x:—-2 0 2 4
y=f(x)>-8 3 1 12

Solution: The backward difference table 1s as follows:

X Y=t(x) Vy Viy Vy

-2 -8
Vy, =3-(-8)=11

0 3 Viy,=-2-11=-13
Vy,=1-3=-2 V¥ y,=13-(-13)=26
- ! V2, =11-(2)=13
Vy,=12-1=11
4 12




Higher Differences-Backward Difference Table
x f Vf V¥ V¥ VY VI Vef
Xo fo
X1 h Vi Vifa
v kYR VP vovy

X3 fs Vis V2fy Vi Vifs R VL 2
\VE \vETS
Xs  fa Vs V2fs ﬁ Vife j
Vh Vs
X3 f ] - ?—j’ E+
v/




Vf,=f,— f,, implies {_ =1f -Vf
and Vf_ =1 - f_, implies f_,=1f_ —Vf_,
V2 f,=Vf,—-Vf,, implies Vf_ =Vf -V*f
From equations (1) to (3), we obtain
foon = f, =2V, +V>Ff,.
Similarly, we can show that
fo_3=1f,—3Vf, +3V*f,-V>F,.
Symbolically, these results can be rewritten as follows:

S=(1-V)VFf,. f,3=0-V)r,

n

f

n

4 =0-V)F,. f

n

Thus, in general, we can write
fpr = (1_?]r fn-

e, f_,=f-"C,VF,+"C,V'f,— .. . + (-)'V'F,




Relation between backward difference
and forward differences

LAy, =y —v,=Vy: Ay, =y3n-2x3+y,=V"y ctec.
2.A-V =AV

3.V=AE"
Proof: Consider the function f{x).
Vi) = f(x0)— f(x—M=Af(x—h) =AE" f(x) = V=AF"
4. V=1-F"
Proof: Consider the function f(x).

Vi(x)= f(x)— flx—h)= f{,r]—E'lf{.r}=(]—E"]|f(.r) = V=1-F"




Central Differences( s )

Central difference operator & for a function f(x) at x is defined as,

0 f(x)= f‘(.r, +§)— f‘[.r, —g], where h being the interval of differencing.

F ]

Let y, = f(rﬂ+g]. Then,
2

| h | h h | h h
6_}'% =ﬁf[..fﬂ +E]= f[..fc, +?+?)— f[.-'(,'n, +?—?)

—_— —_— —_— —_—

=[x )= 1) = £(x) - F (%)=~
= 5_]’1 = Ay,




Central Differences Tabular Form

X y Sy S8y &y
X ¥, = f(x)

0 Yi=h—k
X ¥ = £(x) _ 5 pi=8y, -0,

3 2 2
ﬁ B 5 -}.ri —_— 5 -}.rz —_ 5 -}.r]
Ys=h—h 2

X, ¥, = flx
) o ( 2] 52}5 =0y, —0y;

|
|

_._'!"3 J_:3=f(_._-!r3) ﬁ.}r_§=_}r3__}rﬂ




Higher Differences-Central Difference Table
x f § & & &

Yo fo

X1 h ofiy2  6*h
&°fa/2

X2 o Bfs;p &Fh &>
&3fs2

s s s 8%

Of7 /2




5f(x):f[x+ﬁJ—f[x—EJ.

v, then we have

Thus if f(x,)




Differences of a Polynomial

Let us consider the polynomial of degree 1 in the form
f(=ax +ax" +ax™+  _+a_x+a .

wherea, =0 and a,, a,a,, ....a_,, a, are constants. Let /i be the interval ot differencing.

Then

flx+M=a,(x+h +a(x+h" " +a,(x+0""+._. +a_(x+h+a,
Now the difterence ot the polynomials is:

Af(x)= f(x+h)— F()=a,| (x+ B =% [+a | (x+ D™ -7 [+.. +a_ (x+h—x)



Simplification Form

Af(x) = agnhx™ +b0 X2 +¢" ¥+ +kx+1".

#

where D7, ¢, ...,k% I’ are constants involving hi but not x.

A% f(x)=agn(n-1)R7 X" +b"x™3 + "y +  +q".

A" f(x)=ayn(n-1)(n-2)(n=-3) ... (2)(1)K°

= a,(n')h" = constant.




Factorial Polynomial (or) Factorial Notation

Definition

A product of the form x(x-h) (x-2h) ... [x-(n-1) h] 1s called a factorial function and 1s
denoted by x®.

sl = x(x—=n)(x=2h)-[x—(n—1)n].
Thus xV = X, x? = x(x-1) and x®) = x(x-1) (x-2).
We observed that x® is a polynomual of degree n with leading coefficient 1.

The following theorem shows that the formula for the first difference of x® s
obtained by the sumple rule of differentiation.




Theorem:

() — )

Ax" =i x"Y particular whenh =1, Ax" =nx

Note: 1

From equation (1) we get the formula for first order difference, which i1s obtained by
the simple differentiation rule.

For example, AZx") =A nhx{”_lj]: nhAx"Y =n(n—1)h* x"? proceeding like this
we get

A X" = An(n=1)(n—=2)---11" x° =nth".

Note: 2

Any polynomial f(x) of degree n can be expressed 11n the form

(1)

flx)= cﬂx(”] + clx(”_” +--+e, x +c,. If f(x) is divided successively by x-0, x-1, x-2, ...,

x-(n-1), then the remainders give the coefficients ¢,.c, .- -.c;.¢c, -




Definition

The reciprocal factorial function x® for positive mnteger n 1s defined as

(-n) _ 1
(;w: + f?)(;r + 2h)... (x + ﬂh)

X

As in the case of factorial function the formula for first order difference of x™

similar to differentiation rule when h=1.

1S

Remark:

Ax) = (— ﬂ)h x 1)

A2y = A [— nhoc )

= nh [— (I’? + 1);’1:.17_{”2} = (—1)2 h*n (ﬁ' + l)x_{”z)

In general A" x™) = (=1) h" n(n+1)---(n+r+1)x~"Y.




- Shift Operator(E)

Definition:

The shift operator E 1s defined by Ef(x) = f(x+h). Hence E* f(x) = Ef(x+h) = f(x+2h).
In general, for any positive integer n

E" f(x)=f(x+nh)
In particular we have
Evo =i
E’ Vo = V2




If fo(= o), fi (= 1)... are the consecutive values of the function
Y = f (x), then we can also write
Efo=fi(forEyo=11), Ef=fa(or EYy1=1p)...
Efo=fa(orEZpo=Y2), E2fi=fs(or EY1=ys)...
Efo=fs(orE2o=Yys), E3fi=fs(or Ey1=ya)...

and so on.

Note:
E™E" f(x) = E™™ f(x)




Example 1:
EV=VE=A
Solution:

EV=E(l-EHYE=E-1=A.

Also, VE=(1-EHE=E-1=A




Example 2:

r 1 1
[E’* +E 2](1+&)§ =2+A.

Solution:
11 1 1 1)1
E2+E 2 |(1+A): =| E2 +E 2 |E?
=FE +1
=(1+A)+1

1 1 1
[E" +E 2 1(1+a)? =2+A.




The inverse operator E'lis defined as:

Elfix)=f(x— h) ...(3)
and similarly

E™ flx) = f(x —nh) ...(4)




Average Operator (u )

The average operator i is defined as

uf(x) =5 FOesH+ 1(x=3]




Relations between the operators:

OperatorsA,V,5,u and D in terms of E
From the detinition of operators A and E, we have
AFG) =fE+M) —fQ) =Ef() - F() = (E—1)f(x).
Theretore,
A=E-1
From the definition of operators V and E !, we have

V() =f@)—flr=n)= f() = E () = 1-E Yf().

Theretore,




The definition of the operators & and E gives
o (x) = f (x + Wa)— (x — Wa) = EY2f ()~ E /2 (x)

= (E 1/2 _ E _'lfﬂ}f{l-]_

The detinition of the operators  and E yields
uf ()= 1[ f[}:’+ £)+ f[.x—ﬁ]] 1 B r(x)
2 2 S22 '

Theretore,

1/ 0 .-
I-LZE(EI +E 2)_




It is known that
Ef(x)=f(x+h).

Using the Taylor series expansion, we have

L

Ef(x)= f(x)+h f'(x)+ i

M(x)+ ...
- () +h DI+ D ()4 ..

. hD RD*
[1+ D FL +---]f(,r)=eﬂﬂf(,r).

Thus E=e Or,




Simple Problems

Form the difference table for the following data.

X 50° 51 52" 53 54
y = cosx 0.6428 0.6293 0.6157 0.6018 0.5878
Solution: X y Ay A%y Ay
0.6428
-0.0135
0.6293 -0.0001
-0.0136 -0.0002
0.6157 -0.0003 0.0004
-0.0139 0.0002
0.6018 -0.0001
-0.014
0.5878




Problem :Form the forward difference table

x 020
fix) 1.6596
Solution: Difference Table

X V
0.20 1.6596
022 1.6698
0.24 1.6804
0.26 1.6910
0.28 1.7024
0.30 1.7139

1 6698

0.24
1.6804

Ay
0.0102
0.0106
0.0106
0.0114

0.0115

026
1.691

Aty

0.0008

0.0001

028 (.30
1.7024 1.7139
Ay Aty Ay
-0.0004
00012
00008 -0.0027
-0.0015
-0.0007




Problem: Form the backward Difference Table for the given set of values:

X

1

3

2

7

9

¥

8

12

21

36

62

Solution: Backward Difference Table

v Vy Vay V3y Véy
8
a
12 3
9 1
21 6 4
15 S5
36 11
26
62




Problem: Form the difference table

Xi

0

2

Yi

625

81

81

2401

65611

Solution: Foreward., Baclkward and central Differences

= Vi MW A2 wn Fat i St v A5 3y
(8] 625
hahiham -544
2 81 Hﬂh&ﬁ“whi§4
-80 Hm,\_\—iiﬂl
4 1 80 nmﬁﬁjhh
O i 0 Forward
& I%HR“E #HIH,BU“HHR Hﬁ£!,3843“
,,_-f”f BG\ ,,f"f 384\\ ,,"/O Central
8 81 464 3847
S44 T68 ‘fff#f” OBaclkward
10 625 1232 384
1776 1152
12 2401 2384
fﬁf,ff’ 4160
14 6561




UNIT =111
INTERPOLATION WITH
EQUAL INTERVALS




Interpolation

Interpolation
Definition

Interpolation 1s the process of estimating the value of a function at an intermediate
point or the process of finding the value of the function inside the given range 1s called

interpolation.

Extrapolation
Definition

Extrapolation is the process of finding the values outside the given interval.



Polynomial Interpolation

Given a set of tabular values of a function y=f(x) where the explicit nature of the
function 1s not known, then f(x) 1s replaced by a simpler function ¢(x) such that f(x) and ¢(x)
agree with the set of tabulated points. Any other value may be calculated from ¢(x). This
function ¢(x) 1s known as interpolation function. In particular if ¢(x) 1s a polynomial then the
process 1s called polynomial interpolation and ¢(x) 1s called an mterpolating polynomial. The

existence of an interpolating polynomial 1s supported by Weierstras’s approximation theorem
which asserts that any continuous function on a closed interval can be approximated by a

polynomial.



Newton’s Interpolation
Formula

Newton’s Forward and Backward Interpolation Formula for Equal Intervals

Newton’s Forward Interpolation Formula

oD oy OO gy

y=1(x)=y,+pAy, +

where p = . h 15 the width of mnterval

X =Xxp + ph.



Usimg Newton’s forward interpolation formula, find the polynomial f(x) satisfying the

tollowing data. Hence evaluate y at x = 5.

X 4 6 8 10
y 1 3 8 10
Solution
We form the difference table
X y Ay .5.23r ﬂE}’
4 1
3-1=2
6 | s 5-2=3
8_ 3 — 5 '3 - 32'6
g < 2-5=-3
10-8=2
10 10




There are only 4 data given. Hence the polynomial will be degree 3.

Therefore Newton’s —Gregory Forward interpolation Formula 1s

LPP-DP-2)

p(p 1) o Ry, + . Ay,

2!

y=1(x)=y, +%&yg

HE]_‘E }P’D: 1? p: X—h-xﬂ — X;4

2, O, (5
y=f(x)=1+ f @+ AL I 2 A2 2 (-6)

Sy = f(x):%[— x> +21x° —126x+24[}]

When x= 5,
—£(5)= %[— (5)° +21(5) ~126(5) + 240|=1.25

Y=125whenx =>5.



A third degree polynomial passes through the points (0,-1), (1,1), (2,1) and (3.-2)
using Newton’s forward interpolation formula find the polynomial. Hence find the value at
1.5.

Solution

We form the difference table

0 14
1+1=2
1 0-2=-2
1 1-1=0 -3+2=-1
5 | -3-0=-3
2-1=-3
312




There are only 4 data given. Hence the polynomial will be degree 3.

Therefore Newton’s —Gregory Forward mterpolation Formula 1s

p(p—1) Ny, + p(p —I)I(P —2) A

y=1(x)= Yn+f&}fn+ o Yo
Herey;}=-l;pzx_xﬂzx_oﬁpzx
h |
X x(x—1 X(x—1)x-2
y=f(x)=—1+ix2+ (2! )(—2)+ ( ;( )(—1)

.'.yzf(x)z—é x> +3xg—16x+6]
When x=1.5.
Ly=£(. a)—__[(l 5)® +3(1.5)2 ~16(1.5) + 6]=1.3125

Y=13125whenx=1.5.



Newton’s Backward Difference
formula

Newton’s backward difference formula is

PO+D o PE+HDP+2)
3!

y:f(x):yﬂ+pV}fﬂ+ X Vo ?3yn+--.

where p = =

_hxﬂ b is the width of interval

X =X, + ph.



Use Newton’s backward difference formula to construct an interpolating polynomial
of degree 3 for the data: £(-0.75) =- 0.07181250: £(-0.5) = -0.024750; £(-0.25) = 0.33493750:
f(0) = 1.10100. Hence find f(-1/3).
Solution

We form the difference table

X y Vy ?zy ng

-0.75 1 .0.07181250

0.0470625
0.312625
-0.50 | _0.024750 5
0.3596875 0.0937:
0.400375
-0.25 1 0.33493750
0.7660625

0 1.10100




Newton’s backward difference formula is

POD gay |, DO oo,

p
Y=f(X)=}’3+FVY3+ 3

where p= X_hKE . p =4x.

4x(4x +1)(4x +2)
3!

ny=f(x)= 1_10100+41—f(0.7660625) + 4X(42}f+ D (0.406375) +

y=f(x)=x"+4.001x” +4.002x +1.101

1 1)’ 1} 1
.'.f(—gj=[—ﬂ +4.001(—§] +4.002(—§]+1.101=0.174518518.



Find the missing term in the following table:

X y=7
0 1
1 3
2 9
3 —
4 81

Explain why the result differs from 3 =272

Since four points are given, the given data can be approximated by a third degree
polynomial in x. Hence A*f,=0. Substituting A=E-1 we get, (E-1)*f, =0, which on

simplification yields
E*f,—AEf, + 6E’ f, —AEf, + f, =0.
Since E’ f, = f, the above equation becomes
Ji—4f,+6f, —4f+ 1, =0
Substituting for f,. 7. /, and f, in the above, we obtain

fy=31



By inspection it can be seen that the tabulated function is 3" and the exact value of f(3) is

27. The error is due to the fact that the exponential function 3* is approximated by means

of a polynomial in x of degree 3.




From the data given below find the number of students whose weight is

0-40
250

40-60
120

60-80 | 80-100 | 100-120
100 70 50

Weight in lbs

Number of students
Solution: Let weight be denoted by x and

Number of students be denoted by y, i.e., y = f(x).

between 60 and 70.

Use Newton’s forward formula to find y where x lies between 60 — 70.

Newton’s forward formula is

y(x) = f(x) = f(xo + uh)

u w(u—1 w(u— 1w —2
ot s (2! ) a2y + M€ 3)!( A+ .
We rewrite the table as cumulative table showing the number of students less than x 1bs.
x | Below 40 | Below 60 | Below 80 | Below 100 | Below 120
¥ 250 370 470 540 590




Newton's forward difference table is

X y=fx) | Ay | A%y | Ay | Aly
Below 40 250
120
Below 60 370 —20
120 —10
Below 80 470 -30 20
70 10
Below 100 540 —20
50
Below 120 590




Cx—xp x—40 -
Here u = =50

70 — 40
When x = 70, u = -
en x 7] 20

1.5

y(x = 70) = 250 + ll—f (120) + 1'5“;' ) (—=20) +

L LS(Ls - 1)(15 - 2)(1.5-3)
41

1.5(1.5 — 1)(1.5—2)
31

(=10)

(20)

= 423.59 = 424

.. Number of students whose weight is 70 = 424
.. Number of students whose weight is between 60 — 70 = 424 — 370 = 54.



Central Difference Interpolation

Newton’s forward and backward interpolation formula are applicable for
interpolation near the beginning and near the end of the tabulated

arguments, respectively.

Interpolation near the centre of the tabulated arguments.  For this
purpose we use central difference interpolation formula. Gauss’s
forward interpolation formula, Gauss’s backward interpolation formula,
Sterling’s formula, Bessel’s formula, Laplace-Everett’s formula are some

of the various central difference interpolation formulas.




Let us consider some equidistant arguments with interval of ditterence, say; i and
corresponding function values are given. Lety,, be the central point among the

arguments.

For interpolation at the point x near the central value, let f(x))=1,, f(x,—M) =1,
Flxg+M)y=v, f(x, =2 =y, f(x, +20) =1, f(x, —3h) = v, f(x, +31) =y, and so on.

For the valuesy ..v,.v..v..v.v,.v, the forward difterence table is as follows:
s Rt e Il VR e




X v Ay Ay Ay Aty Ny Ay
xy,—3h V.,
A
Yo Ay
x, —2h ,
Ay, AV
Yo Ay, Ay
X, —h Ay, Ay, Ay,
Yo Ay, A%y, Ay
X Ay, Ay, Ny,
¥ A2y, Ay,
Xy +h Ay, Ay,
. Ay,
Xy +2h Ay,
Ys

xy +3h




Gauss’ Central Difference Formulae
We consider two central difference formulae.
(i) Gauss’'s forward formula

We consider the following table in which the central coordinate is taken for convenience

as y, corresponding to x=x,
Gauss’s Forward formula is

fp=j;,+G1ﬂﬁ+Gzﬁzﬁ,+Gi.ﬁ3ﬁ1+G4ﬁ“ﬁ2+___?

where G,.G,,...are given by

G =p

_p(p-1)
G, = 21

G; — (P-l_ljg:(_p_l)

3

G. = (P+1)P(P_1}(P_2]
o 41 ’




Table: Gauss’ Forward Formula

x y A A’ Al Al A’ Al
X3 Y3
Ay_;
X2 Yo *51.}'_3
Ay_, 55}_3
X, Y 52.}'-: 54-}'—3
Ay _, ﬁl.}-: ﬂjl-a
Xo Yo Aty Aty Aty
Ayy -"—"ll.}'_1 ‘55.}—1
R Ay, Aty
Ay ﬂl-33"n
X3 Ya 513"1
Ay
X3 Y3




(ii) Gauss Backward Formula

Gauss backward formula is
f:u = ﬂ] + Glré.‘f—] + G:r*’—‘bf-l + G;ﬂf_: + G;ﬂ"dff-z T
where G]'jf}zr}..- are given by

G] =P—:

: +1
@ ZPG;! :

G;=(p+l)§l(lv_l}:

o _ @+ +hp(p-1)
3 1 >




Gauss Forward Difference formula

Yo =

{.w s+ 2D o 1 PETNE=D) o L D=2 =3)

21 3l 4

Aty )+ }

This version of Newton's Forward Interpolation Formula is known as the
Gauss’s Forward Interpolation Formula.

We observe that the formula contains yp and the even differences A2y ;.

Aty ..., which lie on the line containing xo (called the central line) and the

odd differences Ayo AZv.1 ...... which lie on the line just below this line, in the
difference table.



Gauss Backward Difference Formula

¥p =

p(p+1)
21

LPe-Dethp-2)
4!

(Ny,)

(Ay )+

plp-D(p+1)
3!

{yn +plAy )+ (A*y )+ ]

The version of the Newton’s Forward Interpolation Formula is known as the
Gauss’s Backward Interpolation Formula.

Observe the formula contains y0 and the even differences A2y.1, Aty ...

which lie on the central line and the odd differences Ay.1, A¥v_z... which lie on
the line just above this line.




Example From the following table, find the value of ¢ using Gauss’ forward formula.

1.00

1.05

1.10

1.15

1.20

1.25

1.30

27183

2.85T7

3.0042

3.1582

3.3201

3.4903

3.6693

Solution
Here we take x, =1.15, h=0.05.
Also, x, =x,+ ph

1.17 =1.15+ p(0.05),

which gives

00 1
P=005 1

]



The ditference table is given below:

X e* A A’ AZ Al

1.00 27183
1394

1.05 2.8577 0.0071
1465 0.0004

1.10 3.0042 0.0075 0
1540 0.0004

1.15 3.1582 0.0079 0
1619 0.0004

1.20 33201 00083 0.0001
1702 0.0005

1.25 3.4903 00088
1790

1.30 3.6693




Using Gauss's forward difference formula we obtain

2/5-1)
2

et =3.1582 + %(ﬂ_lﬁlsrj + &) (0.0079)

(2/5+102/5)02/5-1)
T 6

(0.0004)

=3.1582+0.0648 -0.0009 =32221.



Stirling’s Formula

- 2 2 _ad _ﬂ_g - _ﬂ_g -
ﬁ.}’uzﬁ.}’ 1)+%ﬂg}r—1+ﬂfﬂzli }( ¥ +47¥ z)+

u(ut-1

yix) = ylxg +uh) =y, +u(
Ay_o+...

4!

Using Stirling s formula obtain the value of f{12) given X 3 10 15 20

flx) 5414 6034 6772 75388



Solution:

Difference Tahle

10

20

54.14

60.54

67.72

75.88

Ay A%y
6.4

0.78
7.18

0.98
8.16

Ay

0.2



_x—xu_lz—ll]_u4
“e h 5
Using stirling s formula,

Ayp +Ay—y 'f-f_E = ufu’-1%) (A3 y_ + 4%y,
2 ) + 21 A V-1 + 3! { 3 } +

ui(ui-1

ylx) = ylx, + uh) = ¥, +u(
)

Aty o+

y(12) = 60.54+ (0.4) (7.18 + 64) + (04)° (0.78)

2 2
y(12) = 63.318




Bessel’s Formula

}’{I) = J—"{Iu +uh) = Mzh + (u — %)ﬂ‘-}?u 1 “(T;!_l} (":"2}'—1;1':"2}'.:)

N (u—=u(u-1) (u+1ulu—1)(u—2) (ﬂ""}r_z+ﬂ"’}r_1 }

3! 4! 2

Ay, +

Obtain the value of v(3), using Bessel's formula given
0 4 8 12
143 158 177 199

X

(=)




Solution: Difference Table

X v Ay Ay Afy
X_, 0 143
15
g 4 158 4
19 -1
X, g 177 3
22
%, 12 100
¥ —x 5—4
= : = = H.ES




Using Bessel's formula,

v(x) = y(x, +uh) = }'”?'1 + (u _ i)ﬂ},u n “':1;!—1} (ﬂE}'—i:i“}'u)

i
+ (ﬂ _EJ 1) ﬂa}r_l + (u+1)ufu—-1)u-2) ("3'4'}'—2"'1':"4'}'—1 }F 3

3! 4! 2
We have,
158+ 177 0.25)(0.25— 1) /4 + 3
y(5) = ————+(025- 0.5)(19) + }{2 :'( d )
(0.25-3) (0.25)(0.25 - 1)
- - 1)
— 167.5 — 4.75 — 0.3281 + 0.00781
— 162.42
Y(5) = 162,42




UNIT - IV

EQUAL

ERPOLATION WITH
T

ERVALS




Newton’s Divided Difference Formula

Let the function y = f(x) takes the values f(xg), f(x;), ..., f(X,) corresponding to the

values X;-Xg, X3 — X1, X3 — X2, .... X5-X,.1 need not to be equal.

f(x,)—1(x,)

X=Xy

Be first divided difference of f(x) for the argument Xo, X; 1s defined as

it 1s denoted by (X, X;) or [Xg, X;] or Af(Xp).
f(x,)—1(x,)

(1e) £(xg.%;) =

X=Xy




First divided difference for arguments xg.x; :

S(x1) = f(xo)

X1 —Xp

= f(x0.x1) = 4 f(X0) = [x0, x1](0r)[x1, X0] = 4 f(x1)

First divided difference for arguments x;.x; :

Jx)— f(x1)

X2— X3

= f(x1.32) = 4 f(x1) = [x1. x2](0r)[x2. x1] = & f(x2)

Second divided difference for arguments x1.x2,x3 :

A f(x2) - 4 f(x1)

= flx1; %2, %3) = 4 f(x1) = [x1,%2; %3]

A3 — X X332

Newton's divided difference formula is

J(x) = f(xo) + (x — xp) f (X0, X1) + (X — Xp) (X — x1) f (X, X1,X2)

+ (X — Xp) (X — x1) (x — x2) f(Xp. X1. X2, X3) + -+




*f(x)
A*f(x) A
xo | f(xo)
f(x0.%)
_f(xy) —1(xg)
xp | f(xg) | = X — %
f(x0.%1.%3)
_ fxoxp) —£(xx) f(xp.X1.X7.X3)
Hx, %) T2 _ F(xyx)x3) —f(xx%))
x | fHx) | = f(xy) —f(x)) f(x).%,.%3) X3 —Xq
LSS | _ f(};gxz)—f(xle) f(Kl,KQ-X3,§{4)
3T f(xyxyxy) —f(xx,%y)
f(x,.x3) f(x,.%5.Xy4) X, — X
B oG | f,xg) — f(ax,y)
SRR X3 — X, - X, — X,
f(xq.%4)
_ Fxy) —1(xp)
xg | fixg) | T Xy—Xs




Properties of Divided Differences
Property: 1
The value of any divided difference 1s independent of the order of the arguments. That

15, the divided differences are symmetrical i all their arguments.

f(xg.%, )= £(x;)—£(x) _ f(xo)—£(xy) = f(x,.,) (1)

X —Xp Ep— %

Again, f(xg,%;)= floo) £l _ £lxo) + {x.) (2)

X0~ %1 X7% XX X7Xp

In the same way, f(x,.x,)= ) + o) (3)
X7 X Xp7X;

From equation (2) and equation (3). we have f(x,.x,)=f(x,.%,).
Similarly,
£y %)~ £(x0. %)

X2 Xp

e (e

f(xﬂ,xl,xz)z




! [[ L ]f(xl)+ f(XE)_f(xﬂ)}
Xo =Xp [\ X1 7% X;7Xp Xo =X Xp7X

1 X =Xy f(x1)+ f(Xz) _ f(Xn)}

B X=Xy |:(X1_X2)(Xl _X:}) =% Xp—X

f(x,]) f(Xl) + f(Xz) 4)

o x1.%2) = (%0 =% )(x0 = %) (x—x0)(x-%5) (x5 —x)(x; —x7)

From equation (4), we find

_|_

f(Xﬂ:-Xlaxz): f(XIJXD?XE):f(XlaXEaXﬂ):

This shows that f(x,.X;,X, )is independent of the order of the arguments.




By mathematical induction, we can prove that

f(xﬂ) f(xl)

f(Xﬂ?XhXE?m,Xn)z (Xn _Xl)(xﬂ —Xz)' ”(Xu _Xn)+ (Xl _Xﬂ)(xl _Xz)'“(?‘h —Xn)+m

) f(s,) |
(x, _Kﬂ)(xn - Xl)‘ ‘ ‘(Kn _Xn-l)

This 1s symmetrical we know that any two arguments. Therefore, the divided differences are

symmetrical we know that any two arguments.




Property: 2
The operator A 1s linear.
Proof:

If {(x) and g(x) are two functions o and [3 are constants, then

(x)]= [ f(x1)+[3g(x1)lc1 f(xo)+ Bg(xo)]

X1 Xp

&[ﬁ,f(x)Jng

_ f(xl )- f(Xﬂ) +B g(xl)_ S(Xu)

=
X1 —Xp 1~ Xp

Alot(x)+Be(x)] = A f(x)+BAe(x).
Corollary: 1

Setting o = 3 = 1. A[f(x)+g(x)]= Af(x)+Ag(x).
Corollary: 2

Setting B = 0, Alof(x)]=aAf(x).




Property: 3
The n™ divided differences of a polynomial of degree n are constants.
Proof:

Taking f(x) = x" where n is a positive integer,

)2 )=s0) 5t ¢

X=Xy X=Xy

£(x,,
=X X X X X 4 X
= a polynomial function of degree (n-1) and symmetrical m xy, x; with leading

coefficient 1.



Again,
f(xlaxz)_f(xmxl)

Xo—Xp

f(XleXz):

(x;-‘ +X, X577 4 xf‘l]—(xﬁ'l X Xp T A x?‘l)

X2 =Xy
-1 -1 -2 _2 )
ot x(d?oxi?) . x P (xy-x)
X2 —Xg X2 =Xy Xy —Xp

_ {..n=2 n—3 n-2 n—3 n—4 n—3 n—2

= a polynomial of degree (n - 2) and symmetrical 1 Xo, X;. X with leading

coefficient 1.



Proceeding in this way, the r' divided differences of x* will be a polynomial of degree
(n-r) and symmetrical in X, Xi. X3. .... X; with leading coetficient 1.
Hence n™ order divided differences of x* will be a polynomial of degree n —n =0 .

with leading coefficient 1. That 1s, its value 1s 1.
Thatis A"x" =1.
AMIx® =0, fori=12....

Hence. Aﬂ[aﬂxn +a;x"
—a, Ax* +a, Ax" 4+ A'a_
=ay 1+0+0+---+0=a,.

Note:

Conversely, if the n™ divided difference of a polynomial is constant, then the

polynomial 1s degree of n.




Relation between Divided Differences and Forward Differences

If the arguments xg, Xj. Xo. are equally spaced. then we have,

3f(xﬂ)= f(Xl ,X::u) = f(xl)_f(xﬂ) — ‘ﬁf(xt:)

X=X h

|
A f(xﬂ)= &f(xl)_ﬁf(xﬂ) E‘ﬁf(xl)_ﬁﬁf(xﬂ}

h

F N f(Xﬂ)

Similarly,

A f(}i )
NEo) =5

A f(xu)
iy f(Xc:)— T




Newton’s divided difference interpolation formula for unequal intervals

y=1(x) =1(xq) + (X =x)f(Xg, X)) + (X =X )X — X)) £(Xg, X, X5)

+(X =X )X =X (X — X)) £ (X, X1 X5X3) 4+

H(X =X )X =X )(X=X5) (X=X, (X, Xy, XpX5, X ) .

Problem

Using Newton’s divided difference formula, find the values of f(2), f(8) and f(15)
given the following table:

X 4 5 7 10 11 13

flx)| 48 | 100 | 294 | 900 | 1210 | 2028




Solution

We form the divided difference table since the intervals are unequal.

x | fx) |Afx) Af(x) A*f(x) A*(x)
|4 |48
100 — 48
51100 | 57>
~ 97-52 _ ¢
294 -100 7-4 21-15
T 97 =1
TP 75 202-97 _,, | 10-4 0
_ 10-5 _
o 901{:] 2?94:202 21?1 1;1:
310-202 _ . 0
1210-900 _ 11=7 33-27 _
2028 — 13-10
20281210 _
13-11
13 | 2028




By Newton’s Divided Difference interpolation formula is
y=1(x) =1(x¢) +(x =x) (X, X;) + (X =X (X —x1)-£(X. %1, X;)

+(X =X (X=X (X — X, ) £(Xg,X;.X,X3)
Herexp=4.x1=5.%=7.x3=10, x4 =11. x5 =13
Also, 1(xg) =48, £(xy,%x;) =352, £(Xy,X;,X,) =15, 1(X(.X;.X5X3) =1
vy =1(x) =48 +(x-4)(52)+(x-4)(x-5)(15)+H(x-4)(x-5)(x-7).1
f(2) = 48+(2-4)(52)H(2-4)(2-5)(15)+(2-4)(2-5)(2-7)
f(2)=4
f(8) = 48+(4)(52)+(4)(3)(15)+(4)(3)(1)
f(8) =448
f(15)=48 + 11 (52) + (11)(10)(15) + (11)(10)(8)
f(15) =3150.



Using Newton’s divided difference formula, find u(3) given that u(1) = -26, w(2) = 12,
u(4) =256.u(6) = 844.

Solution —

We form the divided difference table since the intervals are unequal.

2 3
x | fx) | Af(x) Af(x) Af(x)
I |-26
12426
2 |12 2-1 122 -38
Se2 700 08 |

256-12 _ ., 4-1 A3-28 4

4 256 | 4-2 204-122 | °7F
_ 6-2

844-256 _ .

6 |844 | 074




Newton divided difference interpolation formula 1s
y=1(x) =1(x0) + (x = x)f (X, %, )+ (x =X )x =%, ).£(x¢.%.X;)
+ (X=X )X — X ) (X —X,)£(Xg, Xy, X5X3)
Here,
y=u(x) =u(Xg) + (x —Xg) u(Xp.X1) + (X =Xp) (X —X1) W(X0,X1,X2)

(X —Xp) (X =X1) (X —X2) W(X0.X1.X2.X3)

Here,

=1.x1=2.x=4,x3=6



u(xp) =-26, u(xp.x1) =38, u(X0.X1.X2) = 28, u(X(.X1.X2.X3) = 3
u(x) =-26 + (x-1)(38) + (x-1)(x-2)(28) + (x-1) (x-2)(x-3) (3)

for x =3,

y=u(x)=-26+(3-1) (38) +(3-1) (3-2) (28) + (3-1) (3-2) (3-4) (3)
=-26+76+56—-6

u(3) =100.




Problem: Obtain Newton’s divided ditference interpolating polynomial satistied by
(—4.1 245), (—l, 33),[ 0,5),[ 2.9) and (5.1335).

Solution: Newton's divided ditference interpolating polynomial is given by,

S0 =1(30)+ (=30 f (36,3 )+ (3= )(x =) £ (%, %, )
+(x = )(x—x; ) (x =23, ) f(X0- X X0 X5 ) ot
(=2 ) (¥ =2 ) (0 =2, ) £ (3520, )

Here x values are gives as, 4, -1, 0, 2 and 9. Corresponding f(x) values are
1245,33,5,9 and 1335.



Hence the divided ditference as shown in the following table:

X First divided | Second divided | Third Fourth
ditterences difterences divided divided
difterences | differences
4
-404
-1 94
28 -14
0 10 3
2 13
2 88
442
5




Given f(x,)=1245 . From the table, we can observe that

S (%) =404 f(x.5.x,) =94
F(3%.30.%.%)==14 and f(x,.%.%,%,.%,)=3
Hence the interpolating polynomial is,

F(x)=1245+(x —(—4) )< (-404) + (x — (-4) ) (x — (-1)) x 94
Hx—(D)(x (D) (x=0)x14+(x=(-4))(x = (=D )(x=0)(x—=2)x3

= f(x)=1245-404(x +4) +94(x+4)(x+1)
+14(x+4)(x+1)(x—0)+3(x+4)(x+1)(x—0)(x—2)

On simplitication, we get,

F(0)=3" -5 +a¢ —14v+5.



Lagrange’s interpolation formula for unequal intervals

Let yv=f(x) be the function such that f(x) 1s taking the wvalues vp. vi. .... ¥a
corresponding to X= Xg. Xq. .... Xp.

In the case of the values of independent variable are not equally spaced and when the
differences of dependent variable are not small. we will use Lagrange’s interpolation formula.

Let f(x) be a polynomial in x of degree n. Lagrange’s imterpolation formula for

unequal intervals 1s

[x—xllx—xz]...(x_xn) .
Xp —Kllxﬂ—xl)...(xﬂ _Kn]f{xﬂ)
(x—xg Nx—x, Nx—x3)(x—x,) N
(x; —xg Nxy = %0 )--+(x; —x,) f(x,)
(x—xg M x—xy Nx—%3 ) (x—x%py)

(Xn —Xp Kxn _lexu —X) )”'(Kn — Xp-1

¥y= f{x): (

..+

)f[xn).



Using Lagrange’s interpolation formula. find the value corresponding to x=10 from

the following table:

X 5 6 9 11

Solution

Grvenx=5.x1=6.x0=9.x3=11.x=10

Yo =flxg) = 12
Yy =1f(x;) =13
Y= f(x) =14
Y;=f(x3) =16



y=f(x)= (3 —xy Jix —x) x — x3) f(xg)+

_ %o (3 —xo Jix — 3 (x —x3) £(
(Kﬂ — X1 X?iu — X2 XK:} —33) {31 — X X‘:‘H —Kz}(?ﬁ - 33}

Kl}+

(x —xo Nx—x; Nx—x;)
S — f(x
x5 — g )35 =3 Jxtp —3)

(x—xo J(x—x; Nx—x,) )f(ﬂg)

x3 %o x5 —x x5 -,

2)"'(

(10-6)10-9)10-11) (10-5)10-9)10-11)
~ (5-6)5-9)5-11) (6-5)6-9)6-11)
_5)10—-6)10-11) _5Y10-6Y10—
e

4.1.1 5.1(-1) 54.1 54.1 5.4.1
== (12 13)+——(14)+——(14)+——(16
1.4.5( >+ 1.3.5 ( }+4.3.1( ]+4.3.2( ]+6.5.E( )

= 14.63.
Y=f(x) = f(10) = 14.63.

(12)+ (13)+




Find the second degree polynomial fitting the following data:

Solution: Herexg=1,x;=2.x, =4

Vo=4y2 =5y, =13

By Lagrange’s formula for three points is

o (x = x)x - x) (x — xp)(x — x2) (x — xp)(x — x1)
Y= (X0 — x1)(xp — x2) ’ (x1 — Xp)(x1 — x2) : (x2 — x)(x2 — x1) :




_ (x* —6x+38) +{x2—5x+4) +(x2—3:::+2)

YE oy YT T o O e P
_ (x? —:x+8)(4) N (x? —_5;: + 4}(5) . (x —3x + E)(IS)
— % :sz — 48X + 64— 15x° + 75x — 60 + 13x° —39x+zﬁ]
— 1 E:cz — 12x+3-‘.}]
ﬁ |

y=f(x) = x> —2x+5



Inverse interpolation by Lagrange’s method

The process of finding a value of x for the corresponding value of v 1s called mnverse
mterpolation. In such a case. we will take y as independent vanable and x as dependent
vanable.

Therefore the Lagrange’s inverse interpolation formula 1s

<=0~ -y )y-v2)v—va)

Yo~ Y1I}’u —Fz]' ' '(Yﬂ —'.‘fn}lfhrl})_F

-y ly=y2)(y=va)

(1 =voky1=v2) (1 = va) G

=y ly =y y=v2 ) (y = ¥ay)
(Va —Yod¥a — V1 Xya —¥2) - (ya — Fn—l).f{yﬂ]l




Find the value of x. corresponding to v = 100 from the following table:

X 3 5 7 9 11

V 6 | 24 | 58 | 108|174

Solution
Given yp = 6. y; = 24, v, = 58, y3 = 108, y3 = 174 also. y =100
x =1(y):
xp=fyvo)=3.x1=f{y1)=5.x=1tn)=T7.x3=1(v;) =9

The Lagrange’s formula for inverse interpolation 1s

<=7 -y )y-y2)~va)

Yo~ F1I}Tn —Fz]' ' '(Yﬂ —'.";“n}If{}m)Jr

(y—yody—v2)-(y—va) ¢
(F1 —FuIFl — Y2 )'“(Fl _}Tn].

(1) -+



-y dy—vidy—v2) (v = vou) £(v,)

(Va —Vo)¥a —vi)va —v2)(va — Vau)
= 0.3534 — 1.5155 + 2.8870 + 7.0676 — 0.1369
x = f(y) = 8.6556.




UNIT -V
NUMERICAL DIFFERENTIATION
&

INTEGRATION




Numerical differentiation

The problem of numerical differentiation is the determination of approximate value
of the derivative of a function f at a given point.

e Derivative using Newton’s Forward difference Formula

For finding the derivative at a point near to the beginning of the tabular values,
Newton’s Forward difference Formula is used. For the values y,,y,..,y, of a function

y=£(x), corresponding to the equidistant values x,,x,,x,,...x,, where
x, =X, +h,x, =x, +2h, x, =x,+3h,...x, =x,+nh, Newton’s Forward difference Formula is,

f(x) = f(x, +uh)=y, +u[&ya]+M[ﬂzJ’a]
u l(u 2)[ J»’u] u(u—l)(u 2) Au— n+1)[ }’u]

n!

h

where, u =



The derivative of f(x) with respect to x, where x is any point in the interval [x,, x,]

is obtained as follows:

d oo d oo odu
Ef(x)— dn JS(x)x & by chain rule

_d d ( —%,)
Ef(x)xa( 7 J f{x)x—

- %f(x)=%[ﬁyu+%[ﬂzyu]+3u 6u+2[A ]+ u—18u24+22u 6[‘&4 ] ..... ]

Whenx = x,, we get u=0. Thus,
d 1 1 2 6
A =E|:&yu — A T TNV o A+ ]
The second derivative of f(x) is
& oo d(d ) du
&)= )

_d [1[@”2”-1[&2},0}3“1-6u+2[&3y0]+4u3—18u2+22u—6[&4yn]+_____]]x}l

du \ h 2! 3! 24
Bl g e 2 R e ]



_Tiae 3 6u” —18u+11
—?[& Yo +(H_1)[ﬁ }’u]+ 12 [ﬁ4yﬂ]+ ..... }
In similar way,
d _d d’_2 du _ 1| 3 12u—18 , 4
Cfrsf(X)_fﬁl[drzf(X)}xdx_h3|:&yﬂ+ 1 [:5. }’G:I+ ..... ]
Whenx=1x,, and u=0, we have

d’ 1
Ff(x)=?[ﬁ1yu—ﬂ3yu+E£~“yu- ----- ] and

d 1, 4
Eﬂx)_E[ﬂ Yo—5A yﬂ+.....]




¢ Derivative using Newton’s Backward difference Formula

To find the derivative at a point near to the end of the tabular values, Newton's
backward difference Formula is used. For the equidistant arguments, Newton’s backward
difference Formula is,

f()=f(x, +uh)=y, +u[Vy,,]+H(H+1)[V v ] o

| (u+1;!(u+2)[v3yn]+m u(u+1)(u+2) Su+n— D[V" ]

X—X
where u = ) "

%f[x} =L fayx 2t

L ryx [( - ]] — [ (x)x

d 1 2u+lros 3’ +6u+21 s du’ +18u" +22u+6[
:}Ef(x]—ﬁ[?yn+ 5 Vi, |+ 8 [V'y, |+ 53 Ve, |+



1[?1yn+(u+l]{?3y"]+ﬁﬁ +1E”+“[‘F* ]+ } and

E
L= % ; f(x)}x oLy BBy

At x=x,, u=0. The above gives,

d 1[ 1 1 1
TS =5V, 3V, +3Vy, + 2V, +]
d’ 1 [ 11
[ﬁlf{x]-kl_? v, +V'y +12'1T=' ¥+ ]and
Efj

1] 3
—f()=—|V'y, +E‘F’y,, +]




The following data gives the velocity of a particle for 20 seconds at an
interval of 5 seconds.

Time(sec) 05|10 |15 | 20
Velocity (m/sec) | 0 | 3 | 14 | 69 | 228

Find (a) Initial acceleration using the entire data (b) Final acceleration.

Solution: The difference table is

Time t = x | Velocity v = y(x) Ay (x) A%y (x) Ay (x) Aty (x)
0 (= xo) 0(= )
3 (= Ayo)
5 3 8(= A%)
11 36 (= A’y
10 14 44 24(= A%y, or Viy,,)
55 60 (= Viy,)
15 69 104 (= VZy,)
159 (= Vyn)
20 228 (= y,)




Here xp = 0.h = interval length = 5
(a) WKT, acceleration = % = rate of change of velocity

To find initial acceleration, put (dv) = (ﬂ)
dt t=ty dt =0

i.e., initial acceleration exists at t = 0 = xy [which is nearer to beginning of the table], so we use

Newton’s forward difference formula for first derivative.

. Newton’s forward difference interpolation formula is

u(u—l) 2y +u(u—l)(u—2) 3

y(x)= f(xo+uh)= yo+—Ayo+ 0 = Ayo+---

Now, Newton’s forward difference formula for first derivative at x = xo = 0[= u = 0]

dv 1 1 1

dt “h

1

| - 1 i
:513—5(8)4-5(36)—2(24)‘—1

=37 (0) =1

. Initial acceleration (acceleration when ¢ = 0) is 1 m/sec?.



(b) Final acceleration exists at t = 20 = x4 [Nearer to ending of table], so use Newton’s backward
d d

difference interpolation formula for first derivative, put (_v) = (_v) :

dt |y, \df a0

WKT, Newton’s backward difference interpolation formula is

LY b
Y(@) = f(&xn+Vh) =y, + %Vy,, P (\2-:- I)sz,, M viv+ 13)‘(v+ ')V3y,,
Wi 1)("+2)(v+3)v4yn L
4!
y(xn)zz vyn+—z'v2"+§v3n+zv4n+-..
= Lliso+ 2 aoay+ 2 60) + 2 (21)
5 2 6 24
1
=3 (237) = 47.2 m / sec’



Problem: Compute [7(0) and f'(0.2) from the following tabular data.

x |00/02|04| 06 08| 10
F(x) | 1.00

1.16 | 3.56 | 13.96 | 41.96 | 101.00

Solution:

Since x = 0.0 and 0.2 appear at and near beginning of the table, it is appropriate to
use formulae based on forward differences to find the derivatives. The forward difference
table for the given data is:

x |y=flx) Ay |Aly |[Ay Aly Ay
0.0 1.00
0.16
02| 116 2.24
2.40 5.76
04| 3.56 8.00 3.84
10.40 9.60 0.00
0.6 | 13.96 17.60 3.84
28.00 13.44
0.8 | 41.96 31.04
59.04
1.0 | 101.00




Herex, =0, and h=0.2. At x=0, u=@=ﬂ,

The second derivative at x =0 is given by Newton's forward formula:

1| Az 11
_F[ﬂ y,— Ay, + 12ﬁ4yu ..... ]

110 =

[: 24-5.76+ —(3 34)——(1}}]

(0.2)

(02-00)

For x=0.2, u = 03

By Newton's forward formula, we have the derivative of f(x) at a point x is,

%ﬂﬂ:%[% 2u - l[a ]+3u Eu+2[ﬂ ]+4u —13::2;:1:; 5 A%y, ] .. ]

Hence,

Il —6x1+2
31

E'x;l

L r ) l[2.24]+ [5.76] + .

4x1' —18x1* +22x1-6
nz[” 16+ [3.34]]

= 3.2, on simplification.

=02



If the arguments are not equidistant, the approximating polynomial for the given
tabular points is found by Newton's divided difference formula or Lagrange’s
interpolation formula. Then the derivative of the function can get at any x in the range.

For example: We find the first derivative of a function at 0, using the points
(—4.1245), (-1.33).(0.5).(2.,9) and (5,1335) where x values are not equidistant. We can get the

approximating polynomial by Newton's divided difference formula.

The table of divided differences is,

X v First divided | Second divided = Third divided | Fourth divided
differences differences differences differences
-4 1245
-404
-1 33
-28 94
0 5
2 -14
2 9 10 3
442
5 | 1335 13
88




Given f(x,)=1245. From the table, we can observe that

S (33 ) =404 1 (x,%,%,)=94;
S (%x,x,x, ) =—14 and f(x,,%,%,%,%,)=3
Hence the interpolating polynomial is
f(x)=1245 + (x —(—4)) < (—404) + (x — (D)) (x — (1)) x 94
+(x= (=) (x=(=D)(x=0)x (=14} + (x= (D) (x = (=D) (x = 0)(x = 2)x3
On simplification, we get
f(x)=3x"—5x" +6x" —14x+5.
Then,
Flx)=12x"—15x" +12x—14

Hence, F{0y=—14.



Maxima and Minima of a tabulated function

(If the intervals are same)

WKT, Newton’s forward difference interpolation formula is

u uu—1
y=yo+—17AJ’o+( )

u(u—1)(u-2)
2! Aot 3! A Yotens

First derivative

dv 1 2u—1,, 3uk—-6u+2 ,
e h Ayo-l- Y Ayo+ 3 Ayo+"' (1)

substitute i, Ay, A%vo. A’yg, A*yy, - - - gives the equation

dy

_ BGns 2
4 — anequationinu (2)



For maxima or minima is obtained by the equation by

gX:O(or)y'(x):O

dx B

Put RHS of (1)=0, find u = uy, us, -
Fmd — from (2):

d*y

Suppose ( — = —ve =, i1s maximum point
dx2 at 151
=y (1;) = maximum value of y
d*y

Suppose( ) = +vVe =3 18 minimum point
at uz

dx?

=y (1) = minimum value of y



Find the value of y ’(8),5 ”(9), maximum and minimum value from the

following data, using an approximate interpolation formula.

X 4 35 7 10 11
f(x) | 48 | 100 | 294 | 900 | 1210

Solution: The values of x are unequally spaced.

To find f(x), we use Newton’s divided difference formula (or) Lagrange formula.
WKT, Newton's Divided difference formula is

f(x) = f(x0) + (x — x0) f (x0,x1) + (x — x0) (x — x1) f (%0, X1, x2) + (x — x0) (x — x1) (x — x2) [ (X0, X1, X2, X3)

T (x— xO)(x_ xl)(x_ xZ) (x_ x3)f(XO,xl,X2,X3,X4) e (1)




x| ) | @) | 200 | B | At
48
H2
D 100 15
97 1
T 294 21 0
202 1
10 | 900 27
310
11 | 1210




(1) = f(xX) = 48+ (x— 4)(52) + (x — D) (x — 5)(15) + (x — A)(x — 5)(x — 7)(1)
= 48+ 52x — 208 + 15 [x? — 9x + 20| + x° — x*(16) + x(83) — 140
= +x7 (=16 + 15) + x (83 — 135 + 52) — 208 + 300 — 140 + 48
=% —X4-2(0) 410
sy = x =
f'x)=3x2-2x, f'(8)=176
f"x=6x-=2, f"(©9) =52

To find maximum and minimum

Put f'(x)=0=3x"-2x=0=x=0,x=

(ON [ B9

Atx=0, f"(x=0)=6(0)—2=-2<0

= x = 0 is a maximum point & maximum value is f(x = 0) = 0.

2 2 7
Atx:—.f”(x:—):6(—)—2=2>O.
3 3 3

2L % : s m ; 2 +4
=>x=§1$am1mmum pomt&mlmmum value is f x=§ =—;



Numerical Integration

i
The process of evaluating a definite integral I I (r) dx from a set of tabulated values

(%;. vp): i=0, 1, ..., n of the integrand y = f(X) 1s called numerical integration.

Newton cote’s formula (or) General Quadrature formula for equidistant coordinates

b
Let 7= I_v dx where y = f(x) takes the values vy, vi, ..., ¥a for Xq, X1, ..., Xo. Let us

divide the imnterval (a. b) into n sub mntervals of width h so that xo = a, x; = x¢th, x; = xp+2h.
..., Xp = Xgtnh = b. After simplification, we get

Xy ? _ _ 5
I = J._VGI.T = Hh‘:yﬂ +gﬁtv[l +wﬂz}’n +%ﬂ3}’n + - :| (1)

Xy

which 1s the general quadrature formula.



By putting n = 1 1n equation (1), Trapezoidal rule 1s obtained.

By putting n = 2 in equation (1), Simpson’s % rule 1s obtamed.

By putting n = 3 in equation (1), Simpson’s % rule 1s obtained.




Irapezoidal Rule
Putting n = 1 in equation (1). we get

X Xg+h

I.v dx = j B 4 dx = I’ll:yo +%Ayo:|
T

/
B é[% +(vo +4w,)]

—ye+ 1]

Similarly.

X Xo+2h

;!:‘ dx = xo_[hv a’r—h[x +;AV1]




= 2[23"1 + ﬂk,’ﬂ"l]
h

Dy Ge )
17
= 5[)"1 + 3”2]
and so on.
X, Xg+nh ]
[yav= [ yav="[v+y,]
Yo xo+{n-1) 2

. Adding all the above, we get

fy dx = g[(yﬂ +v,)+2(v, + v, + 5 ++--+ v, )] which is called Trapezoidal Rule.



Simpson’s % Rule (or) Simpson’s Rule

Putting n = 2 1n equation (1) and neglecting the differences of higher order than
second order. We get,

.ra h
I_}»’ dy = 5[(]”:] + J’n)+4(]”1 + "'”""yn-l)"' 2(]”2 + vy "'““"}’n-z)]'

Note:

It should be noted that for applying this rule, the interval must be divided mto even
number of sub intervals of width h.




Simpson’s %fh Rule

Putting n = 3 in equation (1) and neglecting the higher order differences above the
third, we get

Xy

3h
_[-V df:?[(yﬂ + 3, ) 4300 + 3y F vy vs e 3,0)+ 200 + v ""“‘"}’n_a)]
%

Note:

This 1s not as accurate as Simpson’s rule. This rule is used when the number of
subintervals 1s a multiple of 3.




1

. . d
Usmg Trapezoidal rule, evaluate I .

taking 8 mtervals.

2

Sl+x

Solution
Given y = f(x)z : 3

) 1+ x
Givenx =-1 to 1.
.. Length of interval = 2.
h=%-025. = b-a

8 number of mt ervals

— ﬂ =025
8



'I_."—ll—l

1
I+ x

2

.. We form a table

dx =

0.25

025

=1.5656.

[1 2(5.7624))

[(0 540.5)+2(0.64+0.8+0.9412+1+0.9412 +0.8 +0.64)]

x | -1 -0.75 | -0.5 -0.25 0.25 0.50 | 0.75 1
y | 0.5 ] 0.64 0.8 | 09412 0.94]12 0.8 0.64 | 0.5
 Trapezoidal ruleis [ iv="[(sy +3,)+ 25y + 3, 435 4+ 3,.,)




£ dx

Evaluate I > with /7 = lb}' Trapezoidal rule.
5 1+ x 6
Solution
Given y = f (r) __
' 1+ x?

Givenx=0to 1

Alsohzl.

6



The table 1s

x | O 1/6 2/6 | 3/6 | 4/6 5/6 1

y | 1 | 36/37 | 9/10 | 4/5 | 9/13 | 36/61 | 1/2

By Trapezoidal rule,

IJ.! h
IJ” dx = 5[(]”’:] + J"n)"' 2(1”1 TV, + s "'”""}’n—l)]

36 9 4 9 36
—t+—t—+—+—
37 10 5 13 31]}

e Ul )

1+ x° 2 2
-1 E+2(3.9554)
12] 2
=0.7842.



52
Evaluate Ilﬂg e" dx by using (i) Trapezoidal rule (ii) Simpson’s rule (iii) Simpson’s
4

% rule, given thath=10.2.

Solution
Given vy =f(x) =log e*
x=4t0 52, h=02.

The table 1s

4.2

4.4

4.6

4.8

5.0

5.2

1.737

1.824

1.910

1.997

2.084

2.171

2.258




(1) By Trapezoidal rule,
X, A
_‘-.V dx = E[(,Vﬂ T J"n)+ 2(,]’1 TV, Vst yn—l)]

_ 92 (1737 +2.258)+2(1.824 +1.910 +1.997 + 2.084 + 2.171)|

=0.3967.

(ii) By Simpson’s rule (or) Simpson’s %rule,
X, A
I.V dx = E[(.P[} + }’n)+ 4(3"1 +y;+ "'+yn—1)+ 2(]’2 S R s Jf’n—z)]

52
Ilog e* dy = %[(1.?3? +2.258)+4(1.824 +1.997 +2.171)+ 2(1.910 + 2.084)]
4




= 0.0666[3.995+4(5.992)+2(3.994)]

=2.394.

(1i1) By Simpson’s %mle?
K 37
fy dx = E[(y-:] + 1) 4300 + 32+ 35+ 35+ 1)+ 25 + s+ 3]

_ —3({;'2) [(1.737 +2.258)+ 3(1.824 +1.910 + 2.084 + 2.171) + 2(1.997)|

= 2.3967.




A curve passes through the points (1,2), (1.5,2.4), (2,2.7), (2.5,2.8), (3,3), (3.5,2.6)

& (4,2.1). Obtain Area bounded by the curve, x axis between x = 1 and x = 4. Also find the
volume of solids of revolution by revolving this area about x— axis.

Solution:
b 4

WKT, Area = f ydx = f vdx

a 1
4

Simpson’s 1/3 rule, Area = fydx = g (o +¥6) +4(1 +¥3 +¥5) + 2(12 +v4)]
1

=7.783

b 4
Volume =7rfy2dx=7rjyzdx
a 1




To find y* :

x| 1| 15 2 2.5 3.5 4
y | 2| 24 | 27 | 28 26 | 2.1
b 5.76 | 7.29 | 7.84 6.76 | 4.41

4
h
- Volume = [ =r{ {03 +32) + 403 +33 +20)+ 202 + 2]
1

= 64.07 cubic units

[by Simpson’s 1/3 rule]



-

Compute the value of f % using Simpson’s 3/8 rule
1

Solution: Let y = f(x) = %

h=1/3

The tabulated values of y = f(x) are

Xo X1 X2 A3
X 1 4/3 5/3 6/3=2
1 1 1 1
X —=1| —=3/4=75| — =06 | —=0.5
J®) 1 4/3 / 5/3 2
Yo W » V3

WKT, Simpson’s 3/8 rule is

b
ff(x)dx: %[@u +¥4) +3 (1 +0) +2(0)]




2
1e,f( ) 3(1/3)[(1+0.5)+3(O.75+0.6)+2(0)]
1

= 0.69375

By actual integration,

2 : |
f—; dx = (logex)% — (1112 — 1111) = 0.69315







